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ABSTRACT 

We obtain the pp-waves of D = 5 and D = 4 gauged supergravities supported by 
U{1)^ and U{1)'^ gauge field strengths respectively. We show that generically these solu- 
tions preserve 1/4 of the supersymmetry, but supernumerary supersymmetry can arise for 
appropriately constrained harmonic functions associated with the pp-waves. In particular it 
implies that the solutions are independent of the light-cone coordinate x"*". We also obtain 
the pp-waves in the Freedman-Schwarz model. 
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1 Introduction 



The subject of pp-waves and their apphcations have been studied extensively. In particular, 
superstring theory is exactly solvable ^ on the backgrounds of the maximal supersymmetric 
pp-waves of type IIB and M-theory |3| . This provides a rare example where the AdS / CFT 
duality [U [31 IH] can be tested beyond the supergravity approximation. 

When the integration constants associated with these solutions are left arbitrary the 
pp-waves generically preserve half of the super symmetry. Additional supersymmetry (su- 
pernumerary supersymmetry) beyond the ^ can arise when the harmonic function is con- 
strained appropriately. For a discussion of pp-waves and their supersymmetry in M-theory 

and type IIB see CHI Ell lEl CB] • 

PP-waves on AdS background have also been studied. The purely gravitational AdS 
pp-wave is given by 

ds^ = e^3P{-Adx-^dx- + H{dx+f + dzj) + dp^ , (1) 

where the cosmological constant is related to the gauge coupling constant g as A = —g^, 
and H = H{x^ , p, Za) is a harmonic function on the space of Za and p. The integration 
constants of H are therefore allowed to have an arbitrary dependence on x^. If H = 
the metric describes pure AdS spacetime. The pp-wave with the dependence H{p) was 
constructed in four dimensions by Kaigorodov 14^ and its higher dimensional counterparts 
were obtained in Generalisations of the Kaigorodov metric to inhomogeneous solutions 
were obtained in ^1 El ■ 

The superimposing of a pp-wave on AdS spacetime can be viewed as performing an 
infinite boost on the boundary conformal field theory |15L I19| . These solutions generically 
preserve j of the maximum supersymmetry allowed by the AdS spacetime jl5l I19j . The 
purely gravitational AdS pp-waves have in fact been shown to admit supernumerary super- 
symmetries |2U| for appropriately constrained H. 

AdS pp-waves can also be supported by a field strength. Their supersymmetry has been 
studied in [211 1221 1231 l2Uj . See also [211 • In the case of charged pp-waves of minimum 
gauged supergravities in = 4 and D = 5, it was shown [231 l2L)j that supernumerary 
supersymmetry can arise again for appropriately constrained harmonic functions. For pp- 
waves with ^ supersymmetry in D = 3 see j25| . 

In this paper we shall investigate pp-waves on AdS background further by studying 
the pp-waves of D = 5 and D = A gauged supergravities supported respectively by U{1)^ 
and gauge fields. We present a detailed analysis of the supersymmetry of these 
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solutions. In particular, we show that supernumerary supersymmetry can arise beyond the 
usual |. We also study the pp- waves of the Freedman-Schwarz model. The supersymmetry 
enhancement obtained in this paper forces the solutions to be independent of the light-cone 
coordinate x^. 

The paper is organised as follows. The pp- waves of gauged supergravities in five and 
four dimensions are studied in sections 2 and 3 respectively. We investigate the pp-waves of 
the Freedman-Schwarz model in section 4. In sections 5 and 6 we study the supersymmetry 
of the solutions in six and seven dimensions, respectively. 

2 PP-waves in five dimensions 

Our first example treats D = 5 gauged supergravity truncated to the U{1)^ subgroup of 
5*0(6). The bosonic sector of this truncated theory is described by the Lagrangian |^ 

i i 

where = {tpi, 1^2)1 and we write 

«i = (^'^)' S2 = i^^,-V2), 53 = (-^,0), (3) 
and the field strengths are defined as F^2) — ^^(i)- The equations of motion are 

Rmn = \dM(p ■ d^ip - ^g^QMN ^ 

i 

i 

= l5]a.Xr2(F(^^)2_252^a.Xri. (4) 

i i 

The supersymmetry transformations for the fermions are given by 

i i i 

§X = [-^T"d,r0+i^r'^^a,Xr^Fl,-{gY,S^X,]e. (5) 

i i 

2.1 The solution 

We use the following pp-wave metric ansatz 

dsD = e'^'^{-4:dx+dx- +H{dx+f + dzl) + e'^^dr'^ , a = 1, 2, • • • , L» - 3, (6) 



3 



in arbitrary dimensions. The functions A and B depend on r only while H depends on x"*", Za 
and r coordinates. If we set H = the pp- waves reduce to AdS-domain wall solutions j27j . 
It is natural to choose the following vielbein basis 

e+ = e^dx+ , e- = e^{-2dx- + \Hdx+) , = e^dz"" , = e^dr (7) 

such that we have ds^ = 2e~^e~ + e^e'* + e^e^ . The vielbein components of the spin connec- 
tions are 

uj+r = A'e-^e- + ^H'e-^e+ , ujar = A'e-^e" . (8) 

where the prime denotes the derivative with respect to r. Note that for the metric in this 

basis we have r]^ = 1 and r/4_+ = r] = 0. The derivatives are always with respect to the 

curved metric. The vielbein components of the Ricci tensor in D-dimensions are given by 

R++ = -y-^''[H" + H'{{D-l)A' -B')]-^e-'^Y.^-^-^ = -h^^^ 

a 

R+- = -e-^^[A" + A'i{D-l)A' -B')], Rab = R+- 5ab , 
R^^ = -(D-l)e-^^[A" + A'{A' -B')]. (9) 

It is straightforward to verify that in five dimensions the following 

e'^ = {grf[H,H2H,f/\ = 1 + ^1 , 

A\,^ = g~^Si{l-H7^)dx+ (10) 
satisfy the equations of motion with H{x^ ,r, Za) obeying the equation 

H" + (AA' - B')H' + e-2(^-^) J] dadaH + ^e'^^ ^ S^tHr^ = . (11) 

a i 

Here the Si are functions of x^ . 

2.2 Standard supersymmetry 

The Killing spinor equations following from the fermionic transformations are given by 

[d+ + i^'e^-^(r+ + iiiT_)(r, + 1) - ie^-^//'r,r_ 

-lidiHT, + d2H T2)T. - 1 ( ^ Si(l - Hr')') (F, + 1) 

i 



[d.-A'e^-^r_{Tr + l)]e = 0, 

[da + i^'e^-^ r„(r, + 1) - ^ ( ^ SdlHr^) Ta r_] e = , 



[ie^^ ( auHr^j (Tr + l)+g[Yl auSd^Hr^j r_] e = , 

i i 

[ie^^ ( a2^H-^) (rr + 1) + 5( E a2iSie^H7A r, r_] e = , 



(12) 



where we have = = and {F+ , F_} = 2. To arrive at these equations we have made 
use of the solution (jTUIl. The above Kilhng spinor equations have the solution 



(13) 



where eo is a constant spinor satisfying (F,. + l)eo = and F_eo = 0. The solution therefore 
preserves j of the supersymmetry. The Killing spinor for the ^ supersymmetry exist for 
arbitrary solutions to eq.(|lHl. 

2.3 Supernumerary supersymmetry 

To investigate the supernumerary supersymmetry we use the less restrictive projection 
condition 

(F, + l)e = i/F_e (14) 

where the function / = f{x~^,r,Za) is to be determined. Making use of this projection in 
the Killing spinor equations they become 

-i(9ii/Fi + 92i/F2)F_]e = 



1 



[da + |(A'e^-^/ - ^M)Ta F-]e = , 5_e = 



+ ^(/E^r^ + 2,e-3-A^)F_-l5:i7- 



F_e = 0. 



e = 0, 
6 = 1,2 



(15) 



where M. = Y2i ^i^l^i^ ■ We analyse these equations by calculating the integrability con- 
ditions [(9m -,9^]^ = among them. The integrability [da ,9r]e = yields a solution for / 
with the requirement daf = 0. We have 



(16) 



where the function U is in general complex. From the integrability [5+ , da\e = we obtain 
an equation for U after imposing some restrictions on the pp-wave function H{x~^ ^r, Za). 
The result is 

daH' = 0, dadbH = for a^b, 

+ + ^dadaH = , a = 1,2. (17) 

The equation for U then requires didiH = 92^2 -ff. Investigating the pair of equations given 
in the last line of eas. ()15() we find that they are satisfied provided that the functions Si and 
U satisfy two equations among them. We present the solutions in terms of 6*3 and U. They 
are given by 

Si = ef{s,£l - {el - el)u) , S2 = e^'iSsil - [tl - ti)u) . (is) 

In order to analyse the final integrability [9+ ,dr]e = Owe need to make use of the solution 
for H. Taking into account the conditions on H given above the solution is given by 

g^H{x+,r,Za) = ^cg'^{zl + zj) + ^\eijk\ Kijk{x~^ ,r) , 

:2M 



+ 2(^2 _ ^2)2(^2 _ ^2)2 [(ba' + cifKel - e]){il - el) (i9) 
+2Sfet{2ij - e] - el) - 2S]e%el - el) - 2SleUej - e])] Hr' + el) , 

where b = 6(x+) and c = c(x+). Then [d+ ,dr]e = yields an equation for S3 given by 



dx^ 



(2£3)-'N* + cei + 2U{u{ei + ei) - 2^^(253 + u))] = 0. (20) 



We proceed next by making use of the information that Si, b and c are real functions. 
Eas.lfT^ implies that U must also be real. This has the consequence in ea. (|17() that U and 
c must be constants with c being given by c = — 2[7^ . Eas. (|2U() and (jlHj) in turn implies 
that Si and b must also be constants. Eliminating U from eas.(|18|) and setting Si = fii we 
obtain 

e^,fcM'(^|-^i)=0. (21) 

Without loss of generality we solve for fii in terms of the other two charges. The function 
H which gives ^ supersymmetric pp-wave is given by 

M2^i(^?-^i)-M3^i(^?-^i) 



eliel-el) 
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2(^2^1 - ^3^1) [^i2^^ - 1^34 - 3(^2 - f^3)ilel + el{t^24 - ^3^1)) 

H = \c{zi + zl)-f\ 

( ^2^i-^3^i)r2 + (^2-^3K i^^ 

We next calculate the Killing spinor. The projected Killing spinor equations become 



_ VF-2^^2 ~ F-3<-3;' "T VF-2 - F-3;<-2^3 



[^+ - i72(-^)'^'(^^+ - - i^^^i^i + ^2r2)r-]e = 0, 
[5a-^(-c)^/2r^r_]e = o, 5_e = 0, 

[9.-i/'r_-lj;/7ri]e = 0. (23) 

The Killing spinor is easily obtained, given by 

e = rV2[i7,i/2i73]i3(l + -i^(-c)i/2(^^ri+Z2r2)r_)(l + i/r_)r?, 
'^'^ ' ' c)V2r+r_r?. (24) 



Solving for r/ we have 



r 



1/2 



\B^H2B^\-2{\ + -i^(-c)V2(^^ri + Z2r2)r_)(i + i/r_) 
x[i-i(i-e73(-^)'''^")r+r„]6o, (25) 

where eo is a constant spinor satisfying (T^ + l)eo = . The solution thus preserve \ of the 
supersymmetry. Note that if we set //j^? = (which is consistent with ea.(|21|)) we obtain 
6 = c = 0. 

To conclude, demanding supernumerary supersymmetry puts very strong restrictions 
on the pp-waves with the functions 5", h and c (and C/) which initially all being functions of 

reduce now to constants. This is not the case for minimal gauged supergravity where 
supernumerary supersymmetry does allow the various functions to have x+ dependence. 



3 PP-waves in four dimensions 

In this section we consider a subsector of the /SO (8) gauged supergravity where the bosonic 
fields comprises the metric, four commuting C/(l) gauge potentials and three dilatons. The 
Lagrangian describing this set of fields is [2Sj 

e-i£4 = R- 1 (5^)2 _ 1 ^x-2(^.^^)2 _ y ^ (26) 

i 
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where = (/72, V's), and 

1- 



ai = (1,1,1), «2 = (1,-1,-1) , as 



(-1,1,-1), 03 = (-1,-1,1). (27) 



The field strengths are defined as -F^j) — ^^'i) and the potential is given by 

3 

i<j 1=1 



(28) 



The M = 8 supersymmetry transformations in this bosonic background were also presented 
in j28j . They are given by 

j 

- iTI E %fe^fc"'^Aflr^^ + iV2g fijknkmXm] e(*) , (29) 



k,m 



5X'^ = [^T^dM(t>'' 

where we have rewritten them by introducing complex fermions = ^^^,,^ + 1^*2^^, etc and 
made the substitutions g — > V^g and A^^^ — > — ^^^(i) • Note that i / j in the spin 1/2 
transformations. The three dilatons are given by the following identifications 



ipi = (t> 



and note also that 



12 _ i34 



/,14 _ J,23 



(30) 



The function fijk is defined as 

\eijk\ for i,j,ky^l 
fijk = { Sjk for i = 1 , 
dik for j = 1 , 



(31) 



and the matrix is given by 



n = - 



( 1 1 

1 1 

1 -1 

\ \ -1 



1 1 \ 

-1 -1 

1 -1 
-1 1 ) 



(32) 



3.1 The solution 



The four charge pp-wave is given by 



ds\ = e^'^i-Mx+dx- + H{dx+Y + dz^) + e^^dr^, 



(33) 
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where 



„2B 



4) = 3-15,(1 -//ri)da;+ (34) 



and Si = Si{x'^). The function H{x'^,r,z) satisfies the equation 

+ (3^' - B')H' + e-2(^-^)5,5,/f + ^e-^^ ^l^i = • (35) 



The solution to this equation is similar to the sohition in D = 5. The four charged pp-wave 
can be specialised to one, two and three active charges respectively. 

3.2 Supersymmetry 

The J\f = 8 supersymmetry have four different sectors. We begin by analysing the Killing 
spinor equations for the sector e*^^ . The supersymmetry transformations are given by 

4 

+^g{Xi + X2-X3-X4)y\ 

+ ^g{X, ^ X2 + X3 - X^)y \ 
^^14 ^ [^r^Q^^^_^^r--(X^'Fl,-X^'Fj,-X^'F^,, + X^'Fj,) 

+^g{Xi -X2-X3 + X4)] e^'\ (36) 

The Killing spinor equations are readily written down and take the form 

[d+ + ^A'e^-^(r+ + ^HT^XTr + 1) - iH'e^-^VrV^ - ld,HT,T^ 

- i ( 5. (1 - i?r')) (r. + 1) + ^ ( E -^0 ^+ r_] 6« = , 

1=1 i 

[d- - A'e^-^ r_(r^ + l)]e(i) = , 

[d, + r,(r, + 1) - ^ ( E M^) r, r, r_] e<^' = o , 

i 

[9r + rr{i:Hr'yr + Ige-'^ ( Y: M^) r_] e« = O , (37) 
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[ig{Xi +X2-X3- X^){rr + 1) + \e-^{Mi +M2-M3- A^4)r, r_]e^'^ = , 



1 



[ig{Xi -X2 + X3- X4)(r, + 1) + — e-^(7Wi - M2 + M3 - A^4)r, r.je^^' = , 
[ig{Xi -X2-X3 + X^){rr + 1) + ^e-^{Mi -M2-M3 + 7W4)r^ r_]e(^) = , 



where we have defined Mi = Sii'^H- ^. These equations have the solution 

e« =r[i/ii/2i^3^4]^€[)'' (38) 

where e^'' is a constant spinor satisfying (r^ + l)eQ^' = = T^e^K Thus ^ of the super- 
symmetry of the e'^^ sector is preserved (standard supersymmetry). It is easy to see that 
the same amount of supersymmetry is preserved simultaneously in the other sectors. The 
pp-wave therefore preserves overall | of the M = 8 supersymmetry. 

Now let us examine whether the solution admits supernumerary supersymmetry. We 
again make use of the ansatz 

(r, + l)e« = i/ir_e«. (39) 

A similar analysis of the integrability conditions among the projected Killing spinor equa- 
tions as in five dimensions shows that the functions Si{x^), U{x'^), b{x^) and c(x+) must 
again be constants. In D = 4 there are now two conditions that must be satisfied among 
the charges for there to be supernumerary supersymmetry. Hence the pp-wave solution will 
depend on just two charge parameters. The constraints among the charges are given by 

^?^4(^i-^3)(m-M4) = ^i^i(^?-^l)(M2-/U3), 

(^i-£i)(/xi£?-/X4£l) = {£i-il){fi2£l-fi34), (40) 

where we have set Si = jii. Solving for and 112 in terms of the other two charges the 
function H is given by 



_ W^aV^g ^47 P4<-4V<-a ^3; „ _ 1 9 



c 



8(/i3^i - M4^I)' 
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The projected Killing spinor equations are given by 

[^+ - i72(-^)'^'(ir+ - - ic^r.r_]e« = 0, 
[d, - i^(-c)'/' r, r_]e(i) = , 5_6(^) = , 
[dr-y[r_-l-Y,H;'y^^ = ^. (42) 

i 

The solution for the Killing spinor is 

x[l-l(l-e73(-^)^'^^")r+r_]4^ (43) 

where Cq^' is a constant spinor satisfying (F^ + l)eQ ^ = . The pp-wave with H given 
above therefore preserves ^ of the supersymmetry of the e^^^ sector. Consider next the 
remaining sectors. For this we use the ansatz A^j^ = g~^riifii{l — H~^)dx^ . To preserve \ 
supersymmetry in the four respective sectors then requires the sign choices: 



1 : 


•ni = 


m = 


m = m 


2 : 


VI = 


m = 


-m = -m 


3 : 


Vi = 


-V2 = 


m = -va 


4 : 


Vi = 


-m = 


-V3 = m 



(44) 



Because of the difference in signs the four charge solution will preserve | of the supersym- 
metry of just one sector and | of the supersymmetry of each of the remaining sectors. 

Although we have focused on solutions with four active charges one can easily also 
analyse the supersymmetry of solutions with one, two or three active charges. In the 
following table we present the overall amount of the = 8 supersymmetry preserved in 
the various cases. 



No. of active 


Standard 


Enhanced 


charges 


supersymmetry 


supersymmetry 


1 


1 

4 


1+1+1+1=1 

8^8^8^8 2 


2 


1 

4 


1 + 1 + ^ + ^= 3 
8 ^ 8 ^ 16 ^ 16 8 


3 


1 

4 


1,1,1,1^5 
8 ^ 16 ^ 16 ^ 16 16 


4 


1 

4 


i + X + X + X- A 
8 ^ 16 ^ 16 ^ 16 16 



Table 1: Amount of J\f = 8 supersymmetry preserved by 1, 2, 3 and 4 active charged pp-waves. 
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4 PP-waves in the Freedman-Schwarz model 



The Lagrangian describing the bosonic sector of the Freedman-Schwarz model is |29j 

= ii*l-i*d(/>A#-ie2'^*dxAdx + 4(5?+5i)e'^*l 

-ie-*( A F^,^ + A Gf,)) - ix(i^r.) A F,",, + G", A Gf,,) , (45) 

where 

= dA'^.^-j^gieabcA^^AAl^, a = 1,2, 3, 

Gf,) = d5(%--1.526afec<Ai?[=,). (46) 

The supersymmetry transformations for the fermions are given by 

S^M = [V,,-^gia1Al-^g2a^2K-ie'^^5dMX 

+ ^^~'^'^(^iFab - iTsa^G^jr-^^r,, + ie^^ffi - i52r5)r„]e, 

6X = [^(9,,0-ie'^r5aMx)r^' + ie-^^a?F;5 + ir5aiG^^)r^^ 

-i^/2e5^5i+i92r5)]e, (47) 

where = irorir2r3 such that Tg = 1. The af and are two sets Pauh matrices. The 
gravitino, the dilatino and the (Majorana) spinor e carry a suppressed indice which runs 
from one to four. In the following we turn off two of the fields F^^j^ and G"^^ each. For a 
vanishing axion (x = 0) the pp-wave in this theory is given by 

ds^ = {grf{-Adx+dx-+H{dx+f + dz^) + dr'^, 

rr ^ 1 2 b cln(gr) g^Sf + glSj 

(ffr)2 2g^ 2glgl{grY ' 

(j) = -2\n{gr), 

Ad = <7r^5i(x+)((<7r)-2-l)dx+, B,,,=g^^S2{x+){{gr)-^ -l)dx+, (48) 

where g = {gf + g^)^^^- Now lets look at the supersymmetry of this solution. The Killing 
spinor equations are given by 

[d+ + y{r+ + iOT_)(r, + a) - ^(Si + S2){{gr)-^ - 1) 

- ic zF, r_ - IgrH' F, F_ - iA F_ F+ F,,] e = , 

[d--gT_{Tr + a)]e = 0, 

[dz + yVziVr + a) + iATz F_ F,] e = , 

[5, + — F_ + {gi - i52r5)F,] e = , 
gr Zgr ^ 

[(F^ + a) + 2i5-iF_AF^]e = 0, (49) 
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where we have defined 

a = 9 (gi+mn) and ^ = . 2 , 2M/2 2 • 

It follows from these equations that to obtain the usual ^ super symmetry for the pp-wave 
we need surprisingly to impose ^I'^'i = 91^2 ■ The Killing spinor can then be obtained and 
it is given by 

-^nsi+s2)dx+ /KIN 

e = e r ' eo , (51) 

where eo is a constant spinor satisfying the projections {Tr+a)eo = = r_eo • To investigate 
the supernumerary supersymmetry we use the projection condition 

(r^ + a)e = i/r_e. (52) 

The projected Killing spinor equations are given by 

[d+ + ^{Si + S2) + ir+(i5/ - aA)T_ -\czT, T_ 

o o iSigl - S2gl)T^ + (2A/ - \agrH')T^]e = 0, 
2V2gi5r2C/^r^ 

[9, + ir,(ig/-aA)r„]e = 0, 5_e = 0, 
[5. + ^(5-^A + ia/)r„-l]6 = 0, 

[f -2g'^aK\T_e = Q. (53) 

Here a and A are just a and A but with replaced by — Ts. We analyse these projected 
equations by calculating the integrability conditions among them. The condition \dz , c?r]e = 
requires dzf = and yields a solution for / given by 

f = 2g-^aA + 2g-^U{x+). (54) 

The integrability [5+ , dz]e = provides an equation for U{x^) which is given by 

■,^-2U^-ic = 0. (55) 

From the last line of eas. (|53j) we have / — 2g~^aA = 0. This equation forces U in the 
solution for / to vanish. From the equation for U we must in turn set c = 0. Considering 
next the integrability condition [9+ ,dr]e = we first note that 



„ ^2 — 

2Af - \agrH' = -J^^idi - m^^) ■ (56) 
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It follows that the functions Si and 5*2 must be constants. We need furthermore also to 
set 6 = (as well as imposing §281 = giS2)- Letting Si = /ij the projected Killing spinor 
equations become 

[a+ + ^(/ii+M2)]e = 0, 5_e = 0, a,e = 0, 

The Killing spinor solution is 

e = e v2 r ' 



'^2terT^^r_J.„, (58) 

where eo is a constant spinor. Inserting the Killing spinor in the projection condition (|52j) 
and using 

^ = V2gl{gll gl)y^ ^^^^ 
we obtain {Tj. + a)eo = 0. Thus, the pp-wave preserves ^ of the supersymmetry with H 
given by 

5 PP-waves in six dimensions 

In this section we investigate the supersymmetry of pp- waves in Romans theory [HOj. We 
use the conventions of |3B- We consider a subsector of the theory by truncating out the 
2-form potential and the U{1) potential. The Lagrangian describing the remaining fields is 
given by 

e-i£ = R- 1 (5^)2 _ \X-\F^,^f + + - (61) 

1 

where X = e ^^"^ and F^^^ = d^;*,, - -^geabcA\^^ A A'l^y 

We have here set 91 = 52 = —^f^g in ^^^^ supersymmetry transformations are 

^\ = [-^T''d,,^-lg{X-X-')]e,-^r^^X"'F^^^ej, (62) 

where Dj^jei = V — -^g^ufi^ ej. We obtain the pp-wave with two of the SU{2) fields 
turned off. The solution is given by 



e'^ = [grfl^H\l\ ^1 = 1 + ^ , 
{gvYHl'^ 

4) = g~^Si{x+){l-H^^)dx+ , (63) 
14 



and the pp-wave function H{x'^,r,Za) satisfies the equation 

H" + i,A! - B')H' + e-(--) dad.H + -^^^^ = • (64) 
The Kilhng spinor equations are given by 

[d+ + \A!e^-^{T+ + \HT_){Tr + 1) - ie^-^ij'r,r_ - i^a„/fr„r_ 

a 

-^^1(1 - Hr'){Vr + 1) + r+ r_]e = o , 

[a_ -^'e^-^r_(r, + i)]e = o, 

[da + lA'e^-^ TaiTr + 1) - r_]e = , 

It is clear from these equations that the pp-waves preserve \ of the supersymmetry but 
there is no supernumerary supersymmetry. 



6 PP-waves in seven dimensions 

In this section we consider gauged D = 7,M = 2 supergravity where we retain only the 
metric, two C/(l) gauge potentials and two scalars. The other fields are consistently set to 
zero. This reduced set of fields are described by the Lagrangian 

e-'C = R- i (9(^)2 - i ^ Xr\Fi,,)' - V , (66) 



i=l 



where 



1. 



V = y^{X^^X^* - 8X1X2 - 4X^^X2"^ - 4Xf 2X2"^) . (67) 
The supersymmetry transformations are given by 
Si^M = [Vm + l{X^'Fi^Ti2 + X^'Fl^Tu)r'' + IgX^^X^^ 

mx-^d^Xi + x-^d^X2)r^T'' + y{Airi2 + ^ir34)]e , (68) 
6Xi = [-|(3Xf i^mXi + 2x^^dMX2)r'' - ^xf i^i^r^^ + lg{Xi - X^^X^^)]e , 

6X2 = [-i(2Xf i^mXi + 3X^^dMX2)r'' - ^x-'Fj^r^^ r^^ + lg{X2 - X^^X^^)]e . 
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For more details see [SI]. The domain wall solution is given by 
e^^ = {gr)[Hl/'H,H2]l, H, = 1 + ^1 , 

e^^ = -^^ J, X, = H7\Hl'^H,H^]l, (69) 

where Hq = 1 + ^g/r^. The ansatz for the 1-form potential is 

5-^5,(1 (70) 
and the function H{x^ ,r, Za) satisfy the equation 

H" + (QA' - B')H' + e-2(^-^) ^-^-^ + ^e-i°^ ^ SjifH-^ = . (71) 

a ^ i 

The Killing spinor equations are given by 

[d+ + ^e^"''(r+ + i^^^r_)(r, + 1) - ie^-^F'r,r_ - i ^9,i/r„r_ 

+i (5i(l - H{')Ti2 + S2{1 - H^')T3i) {Tr + 1)] e = , 

[5_-^e--r_(r. + i)]e = o, 

4rHo 

[g{el-£l)H^^X^{Tr + 1) + 5i£2Ffie-^ri2r,r_]e = 0, 

[ff(£g - £i)i/o"'^2(r. + 1) + 52^^^2-16-^ r, r_]e = o . (72) 

It is clear from these equations that the pp-waves have j supersymmetry but no supernu- 
merary supersymmetry. 
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